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Local Empirical Likelihood Inference for
Varying-Coefficient Density-Ratio Models Based on

%

Xu Liu, Hongmei JIANG, and Yong ZHOU

Case-Control Data

In this article, we develop a varying-coefficient density-ratio model for case-control studies. The case and control samples come from two
different distributions. Under the model assumption, the ratio of the two densities is related to the linear combination of covariates with
varying coefficients through a known function. A special case is the exponential tilt model where the log ratio of the two densities is a
linear function of covariates. We propose a local empirical likelihood (EL) approach to estimate the nonparametric coefficient functions.
Under some regularity assumptions, the proposed estimators are shown to be consistent and asymptotically normally distributed. The sieve
empirical likelihood ratio (SELR) test statistic for detecting whether the varying-coefficients are really constant and other related hypotheses
is constructed and it follows approximately a chi-squared distribution. We introduce a modified bootstrap procedure to estimate the null
distribution of the SELR when sample size is small. We also examine the performance of proposed method for finite sample sizes through
simulation studies and illustrate it with a real dataset. Supplementary materials for this article are available online.

KEY WORDS: Local linear; Logistic regression; SELR statistic; Semiparametric model; Two-sample model.

1. INTRODUCTION

The case-control study is an important method to identify
factors associated with disease incidence (Lachin 2000). A cu-
mulative incidence study was discussed by Miettinen (1976) and
Prentice and Pyke (1979). Let y = 1 denote the development of
the disease during the defined accession period, and y = 0 the
disease-free state at the end of the accession period. Let x be the
associated p-dimensional covariate vector. The standard logistic
regression model is

exp{@ + B"x}
1 + exp{a@ + ﬂTx}7
where & is a scalar parameter and B is a p-dimensional vec-
tor parameter. Let g(x) = P(x|y =0) and f(x) = P(x|y = 1)
be the corresponding conditional density distribution functions
given the disease status. This logistic model has been shown to

be equivalent to the following two-sample density-ratio model
or exponential-tilt model (Qin 1998, 1999, 2005):

J(x) = exp{o(x, a, f)}g(X), (1.2)

where ¢(x, o, B) =a + B'x, o =a +log{(1 — w)/7}, and
T=Py=1)=1-P(y=0).

P(y =1|x) = (1.1)
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There are many density functions satisfying the relationship in
(1.2); for example, (1.2) holds if g(x) and f(x) are either normal
densities or exponential densities. Various density-ratio models
for some conventional density functions were discussed in Kay
and Little (1987). Model (1.2) can also be regarded as a model
for a two-sample biased sampling problem (Vardi 1982, 1985).
It has been shown recently that the density-ratio model provides
a good fit to the observed data in some medical applications (Qin
and Zhang 1997; Qin et al. 2002; Zhang 2001), genetic quantita-
tive trait loci analysis (Zou, Fine, and Yandell 2002), and clinical
trials with skewed outcomes (White and Thompson 2003).

Here, we generalize the density-ratio model with constant co-
efficients to a varying-coefficient density-ratio model. In prac-
tice, model (1.2) with constant coefficients may not be able to
describe the dynamic features contained in the dataset. For in-
stance, the odds risk of disease incidence for some covariates
may change with different values of time, age, or other exposure
variable. In Section 4, we present a gastric cancer dataset where
the association of telomere length and gastric cancer risk, as
well as some potential covariates, was studied using about 700
subjects. The effects of telomere length, drinking, and H. pylori
infection status on gastric cancer risk vary with age. If we simply
include an interaction term, that is, the cross product between the
covariate and the exposure variable, in the model, the underlying
assumption is that the effect of the covariate changes linearly
with the exposure variable, which may not reflect the truth. To
make the model fit the data better and to capture the dynamic fea-
ture of changes, it is natural to consider the varying-coefficient
model (Hastie and Tibshirani 1993). Let x = (w, z7)7, where
w is a scalar, z is a d-dimensional vector, and d = p — 1. It
is not difficult to generalize the scalar w to the setting of a
vector. When ¢(x, o, B) = ¢(w, z, o, B) = a(w) + B(w)’z in
model (1.2), we get the varying-coefficient density-ratio model:

f(w, 2) = expla(w) + B(w) D)) g(w, 2). (1.3)
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In this article, we consider the following general two-sample
varying-coefficient density-ratio model:

fw,z) = Ylaw) + Bw) 2)}g(w, 2), (1.4)

where ¥/ {-} is a nonnegative known function that makes f(w, z)
to be a density function, which includes the exponential-tilt
model (1.3) as a special case with ¥(-) = exp(-). In paramet-
ric situation, Thomas (1981) and Lustbader, Moolgavkar, Ven-
zon (1984) considered a general relative risk model, a mix-
ture model, f(z)/g(z) = (1 + BT z) [exp{,BTz}]l"S, where § is
a scalar parameter that describes the general shape of the rela-
tive risk function. It includes additive relative risk model (§ = 1)
and log-linear relative model (6 = 0) as special cases. The mix-
ture model can be easily extended to varying-coefficients model
(1.4) with f(w, 2)/g(w, z) = [1 + BT (w)zl[exp(B” (w)z}]' .

Let g,,(w) and g, (z) be the marginal density of w and condi-
tional density of z given w for the control sample, respectively,
and let f,,(w) and f,,(z) be the corresponding densities for the
case sample. Assume that both g,,(w) and f,,(w) are bounded
away from zero. By (1.4), we have

Faw(@) = 1)y {a(w) + f(w)" 2)}g:1u(2), (1.5)

where «(w) = g, (w)/fu(w). If ¥(-) = exp(-), function k(w)
can be absorbed into a(w). If the two marginal densities are
equal, we have k(w) = 1 for all w. These special cases happen
frequently in practice, especially in the setting in which both g(x)
and f(x) are normal densities; see, for example, the simulation
study in Section 3.1. When «(w) is unknown, we can replace
it by a consistent estimator, such as a kernel estimator. This
varying-coefficient model is still linear in the covariates z, and,
hence, it avoids the curse of dimensionality when ¢(x, o, 8)
is modeled nonparametrically. The coefficients are allowed to
vary as smooth functions of w so that the nonlinear interactions
between w and z could be examined. Our model (1.4) is in
the same spirit as the varying-coefficient Cox’s hazards model
proposed by Cai et al. (2007), where the log ratio of the marginal
hazard function and the baseline hazard function is a linear
function of covariates with varying coefficients.

Here, we consider estimation and inference for the two-
sample varying-coefficient density-ratio model (1.4) by con-
structing the local empirical likelihood (EL) function. In recent
decades, the method of EL has taken much of the spotlight in
the statistical field since it was first introduced by Owen (1988).
Qin (1999) developed an EL method to estimate a mixture pro-
portion using data from two different distributions as well as
from a mixture of them. Other related work includes, but is
not limited to, Owen (1990, 2001), Chen and Hall (1993), Qin
(1993, 1999), and Qin and Lawless (1994). The EL approach
is appealing for analyzing the varying-coefficient density-ratio
model because the two density functions in (1.4) can be modeled
nonparametrically. This nonparametric method of inference has
sampling properties similar to the bootstrap. Another advantage
of the EL approach is that it takes auxiliary information, such
as the density-ratio in (1.4), into account to improve estimation.

When using model (1.4) it is natural to ask whether the coeffi-
cient functions are actually constant or whether certain varying-
coefficients are statistically different from zero. We consider
several related hypothesis test problems using the sieve empir-
ical likelihood ratio (SELR) test statistics proposed by Fan and
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Zhang (2004). Fan, Zhang, and Zhang (2001) considered the
generalized likelihood ratio statistics for several nonparametric
models, including nonparametric regression models, varying-
coefficient models, and generalized varying-coefficient models,
and showed that they follow approximately a chi-squared dis-
tribution. Zhang and Gijbels (2003) introduced the SELR for
constrained nonparametric regression models with unspecified
error distributions. In this article, we show the proposed test
statistic asymptotically follows a chi-squared distribution. A
modified bootstrap procedure is also given to estimate the null
distribution of the test statistic when sample size is small.

The article is organized as follows. In Section 2.1, we for-
mulate the model and describe the local EL procedure and the
nonparametric estimates for the coefficient functions. The cor-
responding asymptotic properties are also presented. A compar-
ison with local maximum likelihood estimation is given for the
special case (1.3) in Section 2.2. Section 2.3 discusses estima-
tion of the variances of the estimators. Several hypothesis test
problems based on the SELR test statistics are considered in
Section 2.4. In Section 3, we present the results of simulation
studies that illustrate that our proposed estimates and hypothesis
testing procedures work well for small samples. In Section 4,
we illustrate the proposed methods with an application for case-
control study using a gastric cancer dataset. Some concluding
remarks are given in Section 5. The proofs of the main results
are collected in the Appendix.

2. LOCAL EL

Let X, ..., X,, be a sequence of independent and identi-
cally distributed random vectors from the control group, each
with density g(x), and X, 4+1,...,X,,4s, be a sequence of
independent and identically distributed random vectors from
the case group, each with density f(x), where f(x) and g(x)
satisfy (1.4), n; and n, are the number of subjects in the
control group and case group, respectively. Let n = n; + ny,
and {Xy, ..., X} ={X1,.... X, X, 41, - .., Xy, 4n,} denote
the pooled sample. Assume that ny/n — p > 0 as n — oo.
From model (1.4), the EL function derived according to Pren-
tice and Pyke (1979) is

t, B, G) = ML dGX)IL,, ¥ (X)dGX)
= Iy 5T, v (X)), 2.6)

where Y(x) = Y(w,z) = Y(@x) = Y{a(w) + Bw)'z},
pi = dG(X;) and G(x) is the distribution function correspond-
ing to g(x). However, £(«, B, G) can not be used directly to
obtain estimates for a(-) and B(-) because «(-) and S(-) are
infinite-dimensional parameters. Thus, instead of (2.6), we
consider the localized conditional EL below.

Assume that all components of «(-) and B(-) are smooth so
that they admit Taylor’s series expansions, that is, for each given
wo and for w around wy,

B(w) ~  B(wo) + B'(wo)(w — wy),

2.7
a(w) > awo) + & (wo)(w — wo). @7

Let &w) = (a(w), Bw)", o'(w), B'(w)")", and Xj(w) =
1, Z[T, W; —w, ZiT(W,- —w))T. For simplicity, denote &(wp)
by & and X! (wp) by X} for fixed wo. Then, from model (1.5),
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the local log empirical likelihood (LEL) function of & is

€(&) = sup { > " wi (Wi, wo) log p;

i=1

+ Y wi(Wi, wo) log(e (W)Y (8" X7)): pi > 0,1 <
i=n;+1

<n Yy pi=1) pilcW)y (E'X)) - 1) = 0},
i=1 i=1

where wy,(t;, ty) = Kp(t; — t9)/ Z?:l Kh(tj — 1) is the weight
with kernel function Kj(-) = K(-/h)/h and h represents the
size of the local neighborhood. The kernel weight is used to
give smoother weight to data with w near wy. The last con-
straint is the auxiliary information for the EL estimation. It
comes from that F;,(z) = f_zoolc(w)lp(u)dGz|w(u) is a con-
ditional cumulative distribution function of z given w, which
results in E{x (W)Y (X)|W = w} = 1. By the method of La-
grange multipliers, similar to that used in Owen (1988), we
obtain
wy (Wi, wo)
L+ AEE W)Y E"XH — 1)

where A(&) is determined by the constraint equation

Z k(Wi (§7X5) — 1
14+ A& (kW) (E7X%) — 1)

pi =

wh(Wj, wo). (28)

The LEL function, ignoring the constant, can be written as

(&) = Y logli(Wy E" X)) hwa(W;, wo)

i=n;+1

— > "log{l + AE KW )Y (E"X3) — Dhw, W), w).
j=1
2.9)

It can be rewritten using the same approach as in Qin
(1999). Let g, =ni/n, 7X)=p+ 1= p)¥X), mX)=
k(W)Y (X) — D7(X)~!, and correspondingly

yE"XH) = (1 — 0k (WHYETX) + 0,6 (W))/(1 — 0,

+ 0k (W)),
mETX) = k(WY E™XD) — DyE"™XH ™"
Then
UE) = £1(§) + 62(8), (2.10)
where

(&) =—Y log {1+ tEmE X} wi(W;, wo),
j=1

and

6(8) = =) log{y (€ X wy(W;, wo)

Jj=1

+ Y loglie (W) (" X)}wn(W;, wo),

i=n;+1

in which 7(§) = A(§) — (1 — 0,)/(1 — 0n + 0uk (W) is deter-
mined by

n m(STXZ*)
=2 th(wj, wo). 2.11)
i=1 i

The advantage of changing variables is a consequence of the
fact that E[m (€7 X Yw,(W, wo)] = O(h?).

By Lemma A.3 in the Appendix Ed¢,/9& = O(h?) so that
E3¢/3& = O(h*)atthe value t(§) = 0; it follows that the expec-
tation of the score function is asymptotically zero. Under certain
conditions, the constraint equation determines uniquely an im-
plicit function #(£) in a neighborhood of §,, where &, is the true
value of &. Furthermore, we can prove that #(§) = O ,,((nh)’l/ 3
by Lemma A.2 and its remarks. In fact, we can prove that (&)
is of order Op((nh)’l/z).

Let é be the maximizer of £(&) with known «(w) in (2.10),
subject to constraint condition (2.11) at wy. We replace «(w)
in (2.10) by the ratio of two kernel density estimates when it
is unknown, and the corresponding estimator will be given in
the next section. Let e, = (/,,0) be a p x 2p matrix, where
I, is p-order identity matrix and O is p-order zero matrix. Let
Bo(w) = (ap(w), Bo(w)")" and §(w) = (@(w), B(w)")" be the
true and estimated function coefficients. Then, 9(w0) =e ,,é is
the LEL estimator desired; this can be done for any wy.

2.1 Asymptotic Normality

To show conveniently the asymptotic normality of
the estimator, we introduce some additional notation.
Let 0Y(¢(x))/d¢p denote the derivative of v (¢) with
respect to ¢. Set ¢, = (nh)~/*(logh=")"/2, pu; = ftkK(t)dt,
v = [t*K*yde, 2=(1,2")", qo(w) = pgu(w)+ (1 — p)

_ _ kw)@Y(9(X))/3¢)*
fow), qi(w)=px(w)+1-p, g x) = T GX)7 X w) *

q12(x) = g4 W)@V (P(x))/3¢)/y(X), and g2(x) = g5 (w)(k(w)
Y(@(x) — D*/(k(w)7(x). Let a= EG[Q](Z()Z®2|W = wol,
by = Eg [q2X)IW = wo], 12 = Eglgi2(X)Z|W = wp], and
C=p(l-pa+b;' 512512, where k = 1, 2, z®' = z, and z%?
denotes zz”. Let BT = («f, (Bg)T), where o and B denote the
second-order derivatives of a(w) and B(w) at point wy, respec-
tively.

Theorem 1. Suppose that assumptions (1)—(7) in the Ap-
pendix hold. Let H be a 2p x 2p diagonal matrix with the
first p diagonal elements being 1 and the remaining p diagonal
elements being 4. Then,

A P
H(é(wo) — Eg(wp)) > 0 as n — oo,
for any wy in the support of w.

Theorem 2. Suppose that assumptions (1)-(7) in the Ap-
pendix hold. Then

A A T 1
Vi {(H(s(um — &) 1) — S’ pa(BT. 0T>T}
5 NO. D(wo)/qo(wo)) as n— oo,

Where pX (wo) is a diagonal matrix with diagonal elements voC ™!,

a2 ! and vop(1 — p)(p(1 — p)bo + ara'ai) .
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The following corollary is an immediate consequence of the
above joint asymptotic normality result for the LEL estimator
é.

Corollary 1. Under the conditions of Theorem 2, we have

Vnh {é<wo> — 0(wp) — %hsz} £ N, vC " /go(wo))

as n — 0o,
where C and B are given above.

When «(w) is unknown, we can replace it with a consis-
tent estimator. Because both g, (w) and f,(w) are densities,
their kernel estimators are g,,(w) = % Zl'f;] K, (W; —w) and
fuw) = % Zl_nhq Ky, (W; — w), respectively, where A is a
bandwidth that may differ from 4. Here, the kernel may also
differ from that in (2.9), but for the simplification of technical
proofs, we use the same kernel. This gives a consistent estimator
for «(w):

R(w) = guy(w)/ frn(w). (2.12)

Let éU be the maximizer of LEL £(¢) in (2.10), subject to
constraint condition (2.11) at wg, with unknown « (w) replaced
by & (w).

Theorem 3. Suppose that assumptions (1)—(8) in the Ap-
pendix hold, then

— &,(wo)) —P> 0 as n— o©

HE" (o)

for any wy in the support of w, and

A A T 1
Vnh {(H@U(wo) — &y’ 1¢" (o)) — 3h*ua(BT oT)T}

—£5 N(O. S(wo)/qo(wo) + S(wp)) as n —> oo,

where S (wg) = ST!I'S~! and S and " are defined in Lemma
A.l and Lemma A.4 in the Appendix, respectively.

The LEL estimator is sensitive to the choice of bandwidth
h. Bandwidth selection has been intensively studied in the non-
parametric estimation field, see Sepanski, Knickerbocker, and
Carroll (1994), and Ruppert, Sheathers, and Wand (1995) for
good discussions. To avoid the estimation of high order deriva-
tives, we employ a bandwidth selector based on the MSE crite-
rion, called empirical bias bandwidth selection (EBBS) (Ruppert
1997; Carroll, Ruppert, and Welsh 1998). The details of EBBS
are provided in the supplementary materials.

2.2 Comparison With the MLE

For the special case (1.3) with ¥ {¢(x)} = exp{p(x)}, k(w)
can be absorbed into a(w) in model (1.5), which results
in p(x) = a*(w) + B(w)7z, where a*(w) = a(w) + log(k (w)).
Thus, we can avoid estimating «(w) using the LEL procedure,
but a(w) is confounded with « (w). In fact, &*(wg) — log(k (wy))
is a consistent estimator for a(wyg). In this case, the covariance
of (@*(wo), Bw))" is wC ™ /qo(wo) = s (@) ™! —

M), where a* = Eglexp(a*(wo) + Z7 B(w0))/7(X)Z™’| W}
and M, = diag(1,07) is a p by p diagonal matrix. The local
MLE is not feasible for the general model (1.4). However, for the
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density ratio model (1.3), it can be used to estimate the param-
eters based on logistic model by reparameterization (Prentice
and Pyke 1979),

exp{e™(w) + B(w)'z}  ng(z)
1+ expfo™*(w) + B(w)z} ny

Pxly=1= . (2.13)
where o™ (w) = a*(w) + log(n,/n), and nq(z)/n, is consid-
ered as a nuisance parameter. The local log-likelihood of logistic
model (2.13) for case-control data is

(&) =) CE, Wi, Zoywi (Wi, wo), (2.14)

i=1

where €&, Wi, Z;) = y&' X! —log({l + exp(§' X?)}, and & is
& with the first column of & being replaced by o™(wp) +
log(ny/ny). Similarly, the MLE of above log-likelihood (2.14)1s
(@(wo), B(wo)) = (&*(wo) + log(na/n1), B(wo)) with variance
m(a*) ! It gives the same estimator and covariance
as LEL method except for the intercept. The variance of inter-
cept term based on our proposed LEL is smaller than that based
on local MLE because the LEL estimator takes into account

E{x (W)Y (X)|W = w} = 1 as an auxiliary information.
2.3 Estimation of Variances

To estimate the covariance matrix X(wg), as defined in
Theorem 2, we need to estimate S and I'. The matrix § = (S;;),
i,j =1,2,is defined in Lemma A.1, where S1; = diag(p(l —
p)a, p(1 — p)usa) is a diagonal matrix, S, = S21 =
(do,a],0,0"), and Sy, = —by. For I' = (I';), i, j = 1,2, as
defined in Lemma A.3, I'1; = diag(p(1 — p)voa, p(1 — p)1,a)
is a diagonal matrix, I'j; = FZT1 =0, and 'y, = vyby.

As mentioned previously, k(wy) can be consistently es-
timated by (2.12). For convenience, define §;(wo) = @ik

(o) + 1 = 0u  do(x) = 3 (X)),  di(X) = 0u(1 — 04)/
W (@EP*X),  din®) = §5(wo)*/R(wo)P*(x)), and d

(%) = G5 (wo*R(W)P(p(x)) — 1)?/(R*(w)P*(x)), where V(¢
2T oy

X)) =¥ (@E X)), and PX) =0, + (1 — Qn)I/f(X)) We
can estimate Sj;, Sy, and S, by S8 = Z 1a’l(X,)d0
XHHEXN)S2w, (W), wo), S =5, cilz(x do(X ) )H™!
Xiwp (Wi, wo), S = =37 da(X)wi(W;, wo),
tively, and S, = S‘ITZ Thus, S can be estimated consistently by
Sp =08, i, j=1,2.

A consistent estimator of gg(wg) is §o(wo) = 08w (Wo) +
(1 — o) fu(wp). For known K(w) the consistent esti-
mates for F”, F12, and F22 are F —(F,,)/qo(wo) i,j=
1,2, where [y = 8D, ['n = —voSzz, [',=0, and D =
diag(volp, v2/u2lp). Therefore, the covariance of the local
estimator (H(é — &), t(é))T can be estimated consistently by
(nh)~'§-'1, 8. By Corollary 1, we can estimate the covari-
ance of (@(wo), B (o))" by

respec-

(nh)_lepsn_lf',, An_l.

For unknown «(w), we can estimate I = (I';;), i, j = 1,2,
by I'=(I';;), where I'; is I; with g,(wp), «(wo),
g5 (wo), qo(wo), bo(wp), and S;; replaced by their estima-
tors gy, (wo), & (wo), g (wo), Go(wo) = 4 (wo) fu(wo), bo(wo) =
>y g o) (@ (Xi))ywy (Wi, wo)/(K(wo)V(X ), and §;

lj’
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respectively. Thus, (nh)’IS',,’ N, + lz‘)S‘n’1 is a consistent
estimator of covariance of (H(éU —&),1 (EU))T.

2.4 Hypothesis Testing

We first consider a hypothesis test to detect if #(w) equals a
given function 6y(w), that is,

Hy:0()=00(-) vs. H;:0()#60q(), (2.15)

by using the SELR test (Fan and Zhang 2004). A special case is
that 6¢(-) is a given constant number such as 0, that is to test if
0(-) is statistically different from 0. We define the log-likelihood
function £(®) = >"_, {€1(W;, é(Wi)) + £H(W;, é(Wi))}, where
® denotes the space of §(w),

(Wi EW) = =Y tog 1+ 1EWoymEW) X (W) |
j=1
wi(W;. W),

and

LW W) = = Y log {y EW) X5 W)} wi (W), W)
j=1

+ Y B X (Wown(We, W),
k=n;+1
Define &,(w) = (8o(w), O,(w)), where 8(w) is the deriva-
tive of fy(w). Alternatively, the log-likelihood under the null
hypothesis is £(§0) = D _i_ {€1(Wi, §(W))) + £2(W;, Eo(Wi))).
Therefore, the SELR statistic for testing problem (2.15) is con-
structed as

Z(0) = £(O) — £(&). (2.16)

We prove that Z(6,) with known «(w) has an asymptotic
normal distribution in the following theorem under some reg-
ularity conditions. For unknown «(w), similar results can be
obtained. We give those conditions and the technical proofs in
the supplementary materials. Let K*(s) = f KM®OK(s + 1)1+
tis +tuyHdt and K = [ Ki(s)Ka(s)ds, where Ki(s) =
[ K(@)K(s + t)dt and Ka(s) = [t(s + )K(t)K (s + t)dt. Let
s = [kw)/giw)dw, ¢ = [ k@)/qiwidu, and g3 =
p(1 = p) [(C™ w)au)du — pg,.

Theorem 4. Assume that some regularity conditions pre-
sented in the supplementary materials hold. For known « (w), un-
der Hy in (2.13), if @¢(w) is a linear function of w or nh%? — 0,

0,1 22(80) — 1) 5 N, 1),

where 1, = 22 K*(0), 0,7 = 2“TK ,andag = pcy [ K*(s)’ds —

2y ! gﬂ% . Furthermore, the scaled .Z(6,) follows approxi-
mately a Xz-distribution with degrees of freedom k! that is,

2a*L00) — by ~ x2,

PsiK*0)—ar
hac

One may be interested in testing the following composite null
hypotheses:

Hy:0()e Ay vs. H :0()¢< A, (2.17)

where b, =

where Ay is a subset of functions. For instance, Ay is the un-
known constant function or linear function space. Let £(Ag) be
the EL function under the null hypothesis in (2.17). Then, the
SELR statistic for the testing problem (2.17) is

Ly = U(O) — £(Ap). (2.18)

To simplify the test statistic (2.18), we consider the following
fabricated testing problem with the simple null hypotheses:

H;:0()=0y vs. H|:0()¢€ A. (2.19)
Therefore, the SELR statistic .%, can be rewritten as
Ly =ZL(00) — L (00),

where .Z(0)) is defined in (2.16) and .Z*(#) is the SELR test
statistic for (2.19). Asymptotic properties of -Z*(0) similar to
those in Theorem 4 can be obtained. As a consequence we obtain
the asymptotic properties of .Z), for testing (2.17).

Although the asymptotic results for £ (0) and .%,, are avail-
able, they may not perform well when sample size is small. We
propose a modified bootstrap method for practical application.
Because the intercept & is not estimable in general for the case-
control data, the bootstrap samples can be drawn from estimated
distributions G(x) and F(x), where

G =) plX; <=x),
i=1

Fx)y =Y y(@X))pi I (Xi <=x), (2.20)

i=1

where  p; = n~'[1 + AEW) W E(W)'X)) — DI!, and
éo(-) is the EL estimate for the parametric model under the
null hypothesis. For example, if 6y(-) in (2.15) is constant,
then p; = n'[1+ @)Y ($X) — DI, $(X;) =" X;, and
9T = (&, /}T) is the EL estimate under the null hypothesis.
More specifically, let X Iy evns f(,,] be drawn independently from
G(x), and X, T TR X, independently from F (x), resulting
in the combined bootstrap samples Xi,...,X,. Then, we can
construct the corresponding bootstrap version of the SELR
statistic {.jnb} for the testing problem (2.15) or (2.17), where
b=1,..., B, and B is the number of bootstrap samples. Let
£ be the SELR statistic based on original data, then the p-
value is

M=

129> ) /B

>
Il

1

3. SIMULATION STUDIES
3.1 Performance of Estimation

The finite-sample performance of the proposed method is
evaluated by simulation studies. We generate X, ..., X, and
X415 - -+ » Xy, 40, from two densities f(x) and g(x), respec-
tively. We set both densities f(x) and g(x) to be trivariate normal
distributions, in whichx = (w, z")", wisascalar,z” = (z;, 22),
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Table 1. Simulation results at 5 fixed points (0.4, 0.8, 1.0, 1.3, 1.6) with sample size n = 400
0, =03 0, =05 0., =0.7
wo Par True Bias SD SE CP Bias SD SE CP Bias SD SE CP
0.4 a(w) -0.130 —0.074 0.132 0.133 940 —0.080 0.123 0.126 932 —0.098 0.145 0.141 93.0
B (w) 0.200 0.004 0.228 0.228 94.7 0.018 0.214 0212 94.7 0.002 0.232 0.227 95.0
B, (w) 0.400 0.007 0.179 0.175 944 0.005 0.168 0.161 934 0.009 0.176  0.174 94.2
o'(w) —-0.567 —0.035 0.159 0.158 959 —-0.020 0.143 0.142 958 —-0.009 0.153 0.149 95.6
Bi(w) —0.333 —0.112 0.149 0.146 89.0 —0.118 0.143 0.138 882 —0.101 0.156 0.146 91.1
By(w) 1.000 0.036 0.169 0.157 944 0.014 0.144 0.142 947 0.002 0.158 0.144 93.0
0.8 a(w) -0.370 —-0.079 0.139 0.139 949 —-0.081 0.138 0.140 94.1 —0.096 0.166 0.162 93.2
Bi(w) 0.067 —0.035 0.236 0235 946 —0.024 0224 0218 937 —0.034 0236 0.234 95.0
B, (w) 0.800 0.023 0.195 0.191 944 0.014 0.186 0.176  93.3 0.015 0.194 0.188 93.6
o'(w) —0.633 0.018 0.159 0.158 93.7 0.034 0.144 0.142 928 0.046  0.153 0.149 92.9
B (w) —-0.333 -—0.114 0.149 0.145 832 —0.121 0.142 0.137 878 —0.104 0.156 0.145 90.3
By(w) 1.000 0.036 0.170 0.156 94.0 0.014 0.144 0.142 943 0.002 0.158 0.144 92.5
1 a(w) -0.500 —-0.074 0.152 0.151 955 —-0.074 0.153 0.153 943 —-0.089 0.181 0.179 93.2
B,(w) —0.000 —0.054 0.244 0243 940 —-0.046 0.234 0.226 92.7 —0.052 0.243 0.241 94.5
B, (w) 1.000 0.031 0.210 0.205 94.8 0.018 0.201 0.189 932 0.017  0.209 0.201 93.1
o'(w) —0.667 0.046 0.159 0.158 924 0.062 0.144 0.142 90.9 0.073 0.153  0.149 89.6
Bi(wy —0.333 —0.114 0.150 0.145 882 —0.123 0.141 0.137 87.6 —0.105 0.156 0.145 90.9
By(w) 1.000 0.035 0.171 0.156 93.8 0.014 0.144 0.142 943 0.002 0.158 0.144 92.5
1.3 a(w) —-0.708 —0.058 0.179 0.176 944 —-0.055 0.180 0.179 943 —-0.069 0.212 0.209 93.8
B(w) —0.100 —0.082 0.264 0.260 93.1 —-0.078 0.253 0242 922 —0.079 0.262 0.259 94.7
B,(w) 1.300 0.042 0241 0.232 939 0.025 0.228 0.214 92.8 0.022 0.239 0.226 92.9
o'(w) -0.717 0.088 0.160 0.158 89.0 0.104 0.145 0.142 857 0.115 0.154 0.149 83.6
B (w) —-0.333 -0.114 0.150 0.145 83.0 —0.123 0.142 0.137 875 —0.106 0.156 0.145 90.5
By (w) 1.000 0.035 0.173 0.157 93.7 0.014 0.145 0.142 942 0.003 0.159 0.145 92.4
1.6 a(w) —-0.930 —-0.032 0213 0.209 942 —-0.026 0.213 0.211 934 —0.038 0.248 0.244 93.6
B,(w) —0.200 —0.112 0290 0.282 92,6 —0.111 0279 0.264 914 —0.107 0.287 0.282 94.1
B, (w) 1.600 0.055 0.280 0.265 93.0 0.031 0.259 0.244 926 0.027 0.275 0.256 91.8
o'(w) -0.767 0.130 0.161 0.158 83.2 0.145 0.146 0.142 78.6 0.156  0.154  0.149 75.9
Bi(w)y —0.333 —0.115 0.152 0.145 874 —0.125 0.142 0.137 87.1 —0.107 0.156  0.145 90.4
By(w) 1.000 0.036 0.174 0.157 93.7 0.015 0.146 0.142 943 0.004 0.161 0.145 92.3
and tions. The suitable smoothing bandwidth for estimating o(w)

gw,z) = 2m) g,/
exp {_271 [(w - 15 21, Zz)zgl(w - 17 21, ZZ)T]} )
f(w,z) = Q)52

exp 271w = 121,22 = Z; w = Lz z = D1},

are trivariate normal densities with means u, = (1, 0, 0)" and
wr=(1,0, 1T, and inverses of the covariances

12 —2/3 1/3

o =-2/3 2 o |,
1/3 0 1
2/3 —1/3 —=2/3

=13 2 0
-2/3 0 1

Because fw,z)/g(w, z) =exp{—z1(w — 1)/3 + 20w —
(w—12/12-2(w—-1)/3—-1/2}, we have a(w)=
—(w— /122w~ 1)/3-1/2,  B(w)=—(w—1)/3,
and B,(w) = w.

We draw 1000 datasets with sample size n = n; + ny = 400
for various values of g, = n/n. We choose the Epanechnikov
kernel K(¢) = 0.75(1 — %), to localize the coefficient func-

and B(w) is selected by EBBS as discussed in Section 2.1.
In fact, we can also use bandwidth A* = ¢ - &, - n~13 where
¢ is a constant and has the value of 1.06 as in Zhou, Wan,
and Wang (2008). A simulation study shows the sensitivity
disappears when c is not too large, which is omitted here to
save space. In Table 1, we summarize the simulation results for
a(w), B (w), B,(w), and their derivatives a'(w), B (w), B5(w),
at points wy = 0.4, 0.8, 1.0, 1.3, 1.6 for o, = 0.3, 0.5, 0.7, re-
spectively, where wy = 1.0 is the population mean of w. We re-
port the bias of the estimate (Bias) which is estimated by EBBS,
the standard deviation of the 1000 estimates (SD), the average
of the estimated standard error (SE), and the estimated cover-
age probability (CP) of the nominal 95% confidence interval
for these parameters. The calculation of CP takes the estimated
bias into account. The performance of the proposed LEL is sat-
isfactory. The biases are relatively small for all functions. The
average SE is very close to SD and this indicates good perfor-
mance of the proposed variance estimator. For a fixed point w,
SE, SD and the absolute value of the bias are smaller for equal
sample sizes than for unequal samples sizes. For all functions
a(-), Bi(), and B;(-), the empirical coverage levels are close to
the nominal level 95%. It is well known that it is hard to estimate
the derivatives of the parameters using local linear functions. If
one wants to get more accurate estimates of their derivatives,
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Figure 1. Sample size n = 400 and g, = 0.6. Estimator of parameter (solid line); Confidence bands of estimator (dot dashed line); True curve

(dashed line).

higher order of local polynomial needs to be used. Fortunately,
in case-control study, one usually cares more about the odds
ratio which is related to the estimation of parameters instead of
their derivatives. We also compare our LEL method with local
MLE proposed by Cai, Fan, and Li (2000). To save space, the
results are given in the supplementary materials.

In Figure 1, the estimates of «(w), B;(w), B,(w), their
derivatives o'(w), B (w), B5(w), and their corresponding con-
fidence bands are plotted for the simulation study with the ratio
o» = 0.6, where the estimated curves and confidence bands are
the averages over 1000 simulations. We depict 101 points for w
in the interval from 0 to 2. All of the estimated curves almost
overlap with the corresponding true curves, and the confidence
bands are very tight, which implies that the overall mean squared
errors (MSE) are all small.

3.2 Performance of Hypothesis Tests

In this section, we explore the numerical performance of
proposed hypothesis tests. Consider density ratio model

Jfw, 2) = ¥(ao(w) + Bo(w)z)g(w, 2).

For simplification, we set ¥/ (-) = exp(-) in this simulation. We
want to test if the regression coefficients are constant, that is,

testing problem (2.17),
Bo() = Bo, (3.21)

Hy : ap(+) = ao,

where ¢ and By are unknown constants. The power of the test
is evaluated under a sequence of alternative models indexed by
T,

HY tao(-) = apg+ t(a() —ag),  Bo-) = Bo + T(B() — Bo),
where  a(w) = exp{—w?/2} +sin(mrw), p(w)= —3w?+
cos(rw), oa9= Ea(W), and pBy= EB(W). Because of
equivalence between density-ratio model and logistic
model except for the intercept term when v/ (-) is expo-
nential function, we can generate data from logistic model
P(y = 1|(w, 2)) = exp{¢(w, 2)}/(1 + exp{p(w, z)},  where
d(w, 2) = ap(w) + Po(w)z. We generate w from uniform
U(—1,1) and Z from standard normal distribution. We first
draw m data points X = (W, Z) and Y € {0, 1} from logistic
model, where m >> n, and n = 400 is sample size. Denote by
D the dataset when Y = 0 and by D, the dataset when Y = 1.
Then, draw randomly »; data points X from D, as control data,
and correspondingly, draw randomly 7, data points X from D,
as case data. Note that the true intercept op(w) is unknown
which results in the true density functions g(w, z) and f(w, z)
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Figure 2. (a) Q-Q plot of scaled r.%, and x? distribution with degrees of freedom d = 9.95 and scale r = 2.87 by 1000 simulations. (b) and

(c) power functions.

being unknown, but this has no impact on the hypothesis test
(3.21).

To speed up the calculation for estimating &(w;), we employ
the one-step method proposed by Cai, Fan, and Li (2000) using
10 gl‘id points {LU(ZO), W60y, W(100)s - - - » W(340)5 IU(380)} where W(i)
are the sorted {w;};_,. In this simulation, we use the Epanech-
nikov kernel K(¢) = 0.75(1 — #?);.. The bandwidth is chosen
to be & = 1.8n7%/°, similar to Fan and Zhang (2004). To check
whether the proposed SELR statistic .%;, follows asymptotically
the chi-squared distribution, we estimate the mean and variance
of .Z, under the null hypothesis based on 1000 Monte Carlo
simulations, denoted by /i and 2. Figure 2(a) depicts the Q-Q
plot of the scaled r.%, versus the x7 distribution with degrees of
freedom d, by using 100 points from the 1000 standardized .%,, at
g =0.01,0.02, ..., 1 x 100th quantile, where = 2i/5> and
d = 2fi*/&. It could be seen that the X; distribution provides
good approximation.

Figure 2(b) and (c) depict the power functions for g, = 0.5
and 0.3, and T = (0, 0.05, 0.1, ..., 0.5) at six different signifi-
cance levels (0.01, 0.05, 0.1, 0.2, 0.3, 0.5) based on 1000 Monte
Carlo simulations and 1000 bootstrap samples for each simula-
tion. Note that when t = 0, the alternative becomes the null
hypothesis, and the Type I error instead of power is calcu-
lated. The realized Type I errors at the six significance levels
are 0.008, 0.051, 0.088, 0.189, 0.284, 0.460 for o, = 0.5, and
0.012, 0.050, 0.094, 0.185, 0.300, 0.481 for g, = 0.3, which
imply that the proposed bootstrap method gives the right levels
of test. It is obvious that the power functions increase rapidly
as t increases, which shows that the proposed hypothesis test
performs well even when sample size is small.

4. APPLICATION

We now use the proposed method to analyze a dataset from
a population-based study of gastric cancer conducted in a high-
risk population in Warsaw, Poland, between 1994 and 1996. The
association of telomere length with gastric cancer risk as well as
potential confounding factors was studied by Hou et al. (2009).
The details of the study design were also discussed in Chow
et al. (1999). Complete data for several risk factors are available

for 701 subjects with 289 (41.23%) cases and 412 controls. The
six factors we considered include age in years (“Age”), telomere
length (“TL”), pack-years of smoking (“Pak”), drinking status,
gender (“Sex”), and H. pylori status (“H.p”). Subjects were from
28 to 80 years old with an average age of 62.8 in case and 63.2
in control. Telomere length was measured in blood leukocyte
DNA using quantitative real-time PCR. Pack-years of smoking
is defined as the number of years smoked multiplied by the
number of packages per day. Participants’ drinking statuses are
divided into three categories: never drinker, former drinker, and
current drinker. Two indicator variables are created to indicate
the three levels of drinking status: “Drk1” is coded as 1 for
former drinker and O otherwise, and “Dkr2” is coded as 1 for
current drinker and O otherwise. H. pylori infection is a known
risk factor for gastric cancer. An individual’s status is defined as
negative if tested negative for both H. pylori and cagA antibody,
and positive if tested positive for at least one of the two markers.
More details of characteristics of study subjects are shown in
Table S.2 in the supplementary materials.

For this real data, we focus on studying how the effects of
risk factors vary with respect to age and which risk factors
contribute to gastric cancer. The following varying-coefficient
model is considered, as in model (1.4),

exp{¢(wi, z)} = expla(age;) + Bi(age;) * TL;
+ Ba(age;) * Pak; + Bs(age;) * Drkl;
+ Ba(age;) * Drk2; + Bs(age;) * Sex;
+ Polage;) * H.p;}

Before fitting the model, the three variables, “Age,” “TL,” and
“Pak,” are standardized by subtracting the respective median
and dividing by the standard deviation. To answer the question
whether a varying-coefficient model is needed for this dataset,
we perform hypothesis test (2.17) using the SELR statistic .,
(2.18) where w is “Age.” We use the Epanechnikov kernel and
set bandwidth 4 = 5n7%° = 1.1657. Based on 1000 bootstrap
samples, the p-value is less than 0.005. Therefore, there is a
strong evidence that the varying-coefficient model is more ap-
propriate to describe this dataset.
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Table 2. Estimates of curves at 4 fixed age points (45, 55, 65, 75)

Age =45 Age =55 Age =65 Age =175
Par Est SE Length Est SE Length Est SE Length Est SE Length
Intercept —0.283 0.631 2.475 —0.116  0.426 1.669 0.283 0.270 1.059 0.772 0.405 1.587
TL —-0.172  0.189 0.740 —0.166  0.134 0.526 —0.206 0.100 0.391 —0.501 0.190 0.747
Pak 1.012  0.387 1.519 0.737 0.185 0.726 0.435 0.107 0.421 0.068 0.150 0.589
Drk1 1.564  0.726 2.845 1.174  0.412 1.614 0.521 0.277 1.085 —0.579 0.427 1.674
Drk2 —0.749 0.532 2.086 —1.047 0.337 1.320 —0.897 0.253 0.992 —0.904  0.459 1.799
Sex —-0.024  0.518 2.032 0.008 0.330 1.293 0.011 0.238 0.931 0.335 0.395 1.547
H.p 0.504  0.565 2.217 0.355 0.363 1.421 —0.175 0.256 1.003 —0.825 0.404 1.584
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Figure 3. Estimates of parameters (solid line); Confidence band (dashed line).
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The results are presented in Table 2 and Figure 3 using band-
width 0.8004 chosen by EBBS (Section S6.2 in the supple-
mentary materials). In Table 2, for the column labeled with
“Par,” “Age” denotes the intercept parameter «(age), and others
denote the corresponding slope parameters. We report the esti-
mates (Est) of all coefficients at 4 different ages (45, 55, 65, 75),
the estimated SE and the length of the 95% confidence inter-
val (Length). The estimates and their corresponding confidence
intervals are plotted in Figure 3 as functions of age.

We can see that shorter telomere length is associated with
higher risk of getting gastric cancer, and the effect of telomere
length increases with age. When other factors are held constant,
the odds of getting gastric cancer decrease by about 15% at age
55, 21% at age 65, and 37% at age 75, with each additional
unit increase of telomere length. Higher pack-years of smoking
is associated with high risk of gastric cancer and the effect of
smoking decreases with age. The odds of getting gastric cancer
increase about 109% at age 55, 50% at age 65, only 7% at age
75, for each additional unit increase of pack years of smoking.
Former drinkers have a higher risk of getting gastric cancer
comparing with never drinkers for subjects with age less than
65. The odds for former drinkers are 3.27 times the odds for
never drinkers at age 55. The effect of former drinking status
disappears for subjects aged 65 and older. It is interesting to
observe that the current drinkers have a lower risk of getting
gastric cancer with a roughly constant odds ratio of 0.41 across
all ages comparing with never drinkers. This phenomenon could
be because cancer patients are more likely to stop drinking after
the diagnosis or after experiencing stomach pain, which in turn
results in smaller proportion of current drinkers in the case
group than in the control group. Gender has little effect on the
risk because the coefficient is close to zero over the span of age.
H. pylori positive subjects aged 60 or younger have a higher
risk of getting gastric cancer, but H. pylori positive subjects
aged 65 or older have a lower risk of getting gastric cancer,
comparing with H. pylori negative subjects. This pattern may
be partially explained by the disappearance of H. pylori after
cancer diagnosis. Another reason could be due to the high H.
pylori prevalence, 88.32%, in the control group with ages older
than 60.

5. DISCUSSION

In this article, we extend the two-sample density-ratio to a
more flexible model, a two-sample varying-coefficient density-
ratio model, which overcomes the potential misspecification
problem of parametric methods. In the general setting, the local
MLE is infeasible due to the unspecified densities g(x) and f(x).
In the special case with the ratio function ¥ (-) = exp(-), we show
that LEL and local MLE are the same except for the intercept
term. We localize the two smooth coefficient functions a(w)
and fB(w) using the first order Taylor’s expansions. Unlike the
ordinary EL method for the standard two-sample density-ratio
model (1.2) which was considered by Qin (1999), we estimate
the coefficient functions by constructing the LEL function (2.9)
while adjusting the constraint condition for the Lagrange multi-
plier locally at the same time. The asymptotic properties of the
LEL estimators are provided. To test if the varying coefficients
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are constant and other related hypotheses, the SELR statistics
are constructed and they follow asymptotically a chi-squared
distribution under some regularity conditions. A modified boot-
strap procedure is proposed to estimate the SELR’s null distri-
bution. Simulation studies and real data analysis illustrate that
the proposed model, estimation and hypothesis testing methods
implement well with small sample size.

The proposed method can be easily extended to three sam-
ples as in Qin (1999) or even more samples, or to studies with
more than one kind of disease. Another important extension is
to consider the partially linear varying-coefficient density-ratio
model

fw, z,u) = Ylaw) + Bw) 'z + y ulg(w, z, u),

where y is an unknown parameter. This model is substantially
different from the model discussed in the article, and we will
explore this semi-varying coefficient model in future work.

APPENDIX: PROOFS

Assumptions:

1. The second derivative of g(x) is continuous and bounded, and the
marginal densities g, (w) and f,,(w) in control and case samples
are bounded away from zero.

2. «a(-) and B;(-) have continuous second derivatives at all points wy
in the support of w.

3. @I, |19mE"X")/9&], and |[9°m(E" X*)/0508" || are
bounded by some integrable function in a neighborhood of
the true value &,, and d%m(£7 X*)/0£3&" is continuous with
respect to & in this neighborhood, where || -|| denotes Eu-
clidean norm, X* = (1,27, w — wy, 2" (w — wp))" is X} omit-
ting the subscript i, m(&7X*) = (Y (ETX") — Dy (ETX")"" and
PEX)=p+ 10— p)YE X

4. The matrix a is nonsingular at the point wy.

5. The kernel function K(-) is a symmetric density function with
compact support.

6. 0, > pasn=n;+n, > oo, where0 < p < 1.

h — 0and nh — oo asn — o0.

8. hy — 0,nh; — ocoand nh{ — 0asn — oo.

~

Notation: Define n=H( —£&,), and & =H 'y + &, Thus,
LH'p+ &) =,(H 'n+ &) + LH"y + &). Then, i maximizes
the value of local log-likelihood ¢(H '+ &,) subject to con-
straint condition (2.11) in which & is replaced by H 'y + &,. We
write 1() = t(H™'n + &), ¥;(n) = v (" H'XS + £0X5), m;(n) =
m(n"H XS + E]X0), () = y("H'XS + £0X5), £(p) = €(H 'y
+ &), and £;(n) = LH g+ &), wherei =1,2. Let

n

9L2(n) tom;(n)/dn
on Z 1+ tm;(n)

Mln("a[): - wh(Wj7w0)7

j=1
and

n

_ m;(n) )
Mo, (n,1) = ; TEm, oy (Wi wo).
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The details of proofs of Lemma A.1-A.4 are given in the supple-
mentary materials.

Lemma A.1. Letassumptions (1)—(7) be satisfied. Then, asn — oo,

3252(7])

P
— ananT i Sll» (Al)

=0

L am(Eg X))

> wi(W;, wo) —> Sia, (A2)
Pl

ZmZ(EgX;‘.)wh(W_/, wo) —> S, (A3)
=1

where Si; = p(1 — p)diag(a, p,a), S, = (@, 07)7, and S, = by.

Lemma A.2. Suppose assumptions (1)—(7) are satisfied. Then, at
some point 7 in the interior of the ball ||y|| < (nh)~'/3, £(n) attains its
local maximum value, and # = ¢(#) satisfies

My, (7,5)=0 and My (§, 1) =0.

Lemma A.2 implies that § converges to 0 with convergence rate
(nh)~'73. More precisely, it can be shown that 7 is a ~/nh consistent es-
timator of zero, that is, (&(wy), B(w)”) is a v/nk consistent estimator
of (ae(wo), B(wo)")".

Lemma A.3. Let assumptions (1)—(7) be satisfied. Let M, (0, 0) =
(M1,(0,0)", M,(0,0))" ,and Q = (O], 0»)".
Then we have

Vnh(M,(0,0) — Q) 5 N(0,T),

where Q) = —h*/2us(aleg, (B)), 07, 0y = —h*/2p(ay,
(B)ar, T =diag(lyy, vobo)/qo(wy), and Ty = diag(p(l —
PIvoa, p(1 — p)ra).

Proof of Theorem 1. This theorem is a straightforward consequence
of Lemma A.2.

Proof of Theorem 2. Taking derivatives with respect to y and z, we
have

M1, (0,00 ()

o’ Ao [,y

aMZn(O» 0) . *

ey ;mz(igx_,)wh(wj, wo),

IM1,(0,0)  OM,(0,0) = om;
1n( ) _ 2.(0, 0) _ Z m;(n) wi (W, wo).
ot an = L B

Similar to Qin and Lawless (1994), by the assumptions of this The-
orem and Lemma A.2, we have

IM1,(0,0) . 3M,(0,0),
1n( )”+ 1n( )t

0=M,®H,t)=M;,0,0
(@, 1) 12(0, 0) + o ot

+o, (11l + 1171,

OM»,(0,0 aM>,(0,0) ,
2 )fH' 2 )t

0= M,,{#H,7) = M,,(0,0
(i), ) 2,(0,0) + on7 ”

+o, (11l + [1E1D.
Then, we have (", )7 = —S'(M},(0,0)", M2,(0, 0))", where
M, (0,0)/9n"  dM,,(0,0)/31
"\ 0M2,(0,0)/097  9M,,(0,0)/91 )

By Lemma A.1, it is easy to see that S, £ S, where § = (S;;), 1, j =
1, 2. From this and M, (0, 0) = O((nh)~""/?) by Lemma A.3, we have

1911 + 11]] = O,((nh)~'/?). Then, combining it with Lemma A.3, by
Slutsky’s theorem we have

o [@7, 5T +5710] 5 N©, $7'Ts.

This completes the proof of Theorem 2 noting the definition of 5 and
simplification of S™'Q and S~'I"S~".

Let Mln(n, t) and MZn(n, t) denote My, (n, t) and My,(n, t), respec-
tively, with «(W;) replaced by &(W;) ,i =1, ..., n, in (2.12). Define
bo(w) = Eg {(¢(X))/7(X)|W = w}.

Lemma A.4. Let assumptions (1) and (8) be satisfied, M,(0,0) =
(M1,(0,0)7, M,(0,0))7, and Q = (QT, 9,)". Then, we have

Vnh(M,(0,0) — Q) 5 N0, T + ),

where Q and I' is defined in Lemma A.3,
f‘ :(f,]),l,j = 1,23,nd

- (1 — p)vor (wo) e

Fl[ - 3—*S|2 N
qo(wo)qy (wo)
* 3
f‘22 = Méo(wo)z - 2V0K(WO) bogo(wo),
p(l - p)gw(wo) gw(w())

= = vok (W) ~ voo(l — ,O)K(wo)2
=07 = b Sp——————— .

2= o= 20 e O T T g

SUPPLEMENTARY MATERIALS

Proofs of Lemma A.1-A.4 and detailed proofs of Theorem 2—4. The
simulation results for the comparison of our LEL method with the local
MLE proposed by Cai, Fan, and Li (2000). The details of EBBS for
bandwidth selection.

[Received January 2012. Revised October 2013.]
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